We investigate the local geometry on the moduli space of G 2 structures that arises in compactifications of M-theory on holonomy G 2 manifolds. In particular, we determine the homogeneity properties of couplings of the associated N = 1, D = 4 supergravity under the scaling of moduli space coordinates. We then find some brane solitons of N = 1, D = 4 supergravity that are associated with wrapping M-branes on cycles of the compact space. These include cosmic strings and domain walls that preserve 1/2 of supersymmetry of the four-dimensional theory, and nonsupersymmetric electrically and magnetically charged black holes. The geometry of some of the black holes is that of non-extreme M-brane configurations reduced to four-dimensions on a seven torus.
Introduction
Compactifications of M-theory on manifolds with G 2 holonomy provide a way of constructing four-dimensional effective theories which have a realistic amount of supersymmetry. These effective theories are N = 1, D = 4 supergravities with field content which is determined by the Betti numbers of the compact space. In particular it has been shown that the associated N = 1, D = 4 supergravity has b 2 vector and b 3 chiral multiplets [1] . Reducing N = 1, D = 11 supergravity on compact G 2 holonomy manifolds, one can also determine the couplings of the four-dimensional theory as a function of the various moduli fields [1, 2] . These couplings are naturally interpreted in terms of the geometry of the moduli space of G 2 structures in a similar way to that of Calabi-Yau compactifications of string theory, see for example [3] . Many compactifications of M-theory on holonomy G 2 manifolds have been investigated, see for example [4] , using the examples of holonomy G 2 manifolds constructed by Joyce in [5] .
Some of the solutions of D=4 and D=5 supergravity theories which arise from compactifications of strings and M-theory, like black holes, strings and domain walls, can be associated with branes wrapped on the homology cycles of the compact manifold. This correspondence between solutions of lower dimensional supergravity theories and ten-and eleven-dimensional brane configurations has been very fruitful, for example it has led to the microscopic computation of the black hole entropy for a certain class of extreme black holes [6] . Another application is the use of the behaviour of the black hole solutions of N = 2, D = 4 supergravity theories [7] to provide evidence for the existence of calibrated representatives for certain homology cycles of Calabi-Yau manifolds [8] .
In this paper, we shall examine the couplings of the N = 1, D = 4 supergravity theories that arise from compactifications of N = 1, D = 11 supergravity on compact holonomy G 2 manifolds. In particular we shall show that the components of the metric of the sigma model manifold, which is T M, of N = 1, D = 4 theory are homogeneous of degree −2 under the scaling of certain coordinates of the moduli space M of G 2 structures. For this we shall use a result obtained by Hitchin [9] that the volume of the compact G 2 manifold is homogeneous of degree 7/3 under the scaling of some coordinates of M. It turns out that the metric on the moduli space of G 2 structures is invariant under this scaling transformation; the isometry group of the sigma model metric on T M is generated by the same scaling transformation and the translations along the fibres. In addition, we shall show that the Kähler potential of the sigma model manifold can be expressed in terms of the logarithm of the volume of the compact holonomy G 2 manifold, see also [2] . The couplings of the vector multiplets to the scalars are linear in some natural complex coordinates on the sigma model manifold.
Having established the homogeneity properties of the couplings of N = 1, D = 4 supergravity associated with compactifications of N = 1, D = 11 supergravity on holonomy G 2 manifolds, we shall explore the various solutions of the fourdimensional theory that arise by wrapping M-branes on the homology cycles of the compact manifold. We shall find that the N = 1, D = 4 supergravity admits string solutions which preserve 1/2 of supersymmetry. These are associated with M5-branes wrapped on coassociative cycles of the compact manifold. The form of these string solutions is that of cosmic string solutions of [10, 11] . However the string solutions associated with G 2 compactifications have infinite tension because the sigma model manifold T M is non-compact. We shall also describe the Mtheory origin of domain wall solutions of N = 1, D = 4 supergravity which preserve 1/2 of the supersymmetry. The Killing spinor equations for such domain walls are given in an appendix. Next we shall explore the electric and magnetic black hole solutions of N = 1, D = 4 supergravity that arise from wrapping M2-branes and M5-branes on 2-and 5-cycles of N, respectively. We shall show that such solutions are not supersymmetric as expected. We shall mainly focus in the case where the only non-vanishing modulus field is that corresponding to the overall scale of the moduli space coordinates. We shall call such solutions "dilatonic"; we justify this terminology in an appendix. We shall find a class of extreme dilatonic solutions of the N = 1, D = 4 theory which have the same spacetime geometry as two supersymmetric orthogonally intersecting M-branes, eg two M2-branes intersecting on a 0-brane or two M5-branes intersecting on a 3-brane [12] , reduced to fourdimensions on seven-dimensional torus. Such four-dimensional solutions exhibit a naked singularity. We shall also present some dilatonic black hole solutions.
These have the same spacetime geometry as that of two non-extreme orthogonally intersecting M-branes reduced to four-dimensions again on a seven-dimensional torus found in [13] .
We remark that our dilatonic domain wall and black hole solutions depend only on the homogeneity properties of the couplings of the N = 1, D = 4 supergravity.
So they will remain solutions of the effective theory of G 2 compactifications after perturbative or non-perturbative corrections to the couplings are taken into account which preserve these homogeneity properties.
The organization of this paper is as follows: In section two, we present the action, Killing spinor equations and the geometry associated with the couplings N = 1, D = 4 supergravity with scalar and vector multiplets. In section three, we give the couplings of N = 1, D = 4 supergravity that arise from the compactification of N = 1, D = 11 supergravity on holonomy G 2 manifolds. We then present two approaches in the investigation of the geometry of the moduli space of G 2 structures. One is based on the Kähler geometry and the other is based on the symplectic geometry. We also express the metric on the G 2 moduli space, that arises in these compactifications, in terms of the volume of the compact holonomy G 2 manifold. In section four, we summarize some of the results on calibrating cycles in holonomy G 2 manifolds. We also give the number of supersymmetries preserved by M-brane probes wrapping such cycles. In section five, we present our string solutions of N = 1, D = 4 supergravity associated with G 2 compactification.
In section six, we describe various domain walls. In section seven, we give various black hole solutions associated with M2-and M5-branes wrapped on homology 2-and 5-cycles of the compact manifold. Finally in the appendices, we give our spinor conventions, analyze the Killing spinor equations of N = 1, D = 4 supergravity in connection to strings and domain walls that arise in G 2 compactifications, and give the bosonic action that describes the dilatonic black hole system.
N = 1 D = 4 Supergravity

Supergravity Action and Killing Spinor Equations
The geometric data that determine the couplings of N = 1 supergravity in four-dimensions with n vector and m chiral multiplets that we shall use in this paper are the following: (ii) A vector bundle E over M of rank n for which its complexified symmetric product admits a holomorphic section h.
(iii) A locally defined holomorphic function f on M.
(iv) Sigma model maps, z, from the four-dimensional spacetime Σ into the manifold M.
(v) A principal bundle P on the four-dimensional spacetime Σ with fibre the abelian group U(1) n such that the pull back of E with respect to z is isomorphic to P × U (1) n LU(1) n , where LU(1) n is the Lie algebra of U(1) n .
Given these data, the bosonic part of N = 1, D = 4 supergravity action [14, 15, 16] is
where
2)
3)
A a N are U(1) (Maxwell) gauge potentials and the D a are constants associated to a Fayet-Iliopoulos term. We remark that the gauge indices a, b = 1, . . . , n are raised and lowered with Reh ab ; i, j = 1, . . . , m and M, N = 0, . . . , 3 are holomorphic sigma model manifold and spacetime indices, respectively. Clearly h ab are the gauge couplings, f is a superpotential and M is the sigma model manifold.
The above action may also describe the coupling of ℓ linear multiplets to N = 1, D = 4 supergravity [17] . This is because the two-form gauge potentials of the linear multiplets can be dualized to scalars in four dimensions. The resulting action depends only on the spacetime derivatives of dual scalars. Therefore it is invariant under R ℓ acting on these scalars with constant shifts.
In what follows some of the solutions of the N = 1, D = 4 supergravity that we shall consider will be supersymmetric. To explore their properties, we need the Killing spinor equations of (2.1) which are the vanishing conditions of the supersymmetry transformations of the fermions of the theory. These are most conveniently expressed in terms of a real 4-component Majorana spinor ǫ as
and
where underlined indices A, B denote tangent frame indices and
For our spinor conventions see the appendix.
The field equations of the supergravity action (2.1) are the following:
(1) The Einstein equations are:
2) The Maxwell field equations are:
3) The scalar equations; varying z ℓ gives the equation
where ∇ M is the covariant derivative with respect to the Levi-Civita connection of the spacetime metric and
Taking the conjugate of this equation, one obtains the field equation for zl.
Supergravity Actions from G 2 Compactifications
Compactification Ansatz
The bosonic part of the D = 11, N = 1 supergravity Lagrangian [18] that we shall consider is
where h is the eleven-dimensional metric, F is the 4-form ⋆ field strength and C is the 3-form gauge potential, F = dC.
To derive the N = 1, D = 4 supergravity action that arises from the compactification of N = 1, D = 11 supergravity on a holonomy G 2 manifold N, we introduce a basis of harmonic forms {φ i ; i = 1, . . . , m = b 3 } in H 3 (N, R) and similarly a basis {ω a ; a = 1, . . . , n = b 2 } in H 2 (N, R). Repeating the analysis in [1, 2] , we write the compactification ansatz for the eleven-dimensional metric ds 2 and the three-form gauge potential C as
where G IJ is the metric on N with holonomy G 2 depending on the real coordinates 
where φ is the parallel 3-form associated with the G 2 structure on N and we have used G to also denote the determinant of the metric G IJ with holonomy G 2 . In an adapted frame {e 1 , . . . , e 7 } of the G 2 structure the 3-form φ can be written as The last equality in the third equation in (3.3) can be established using G 2 representation theory, see for example [5, 27] and next section. We remark that the intersection numbers C iab are topological and so they do not depend on the moduli space coordinates s of G 2 structures or the choice of harmonic representatives. In addition, we remark that the couplings in (3.3) do not depend on the harmonic representatives chosen for the basis ω a in H 2 (N, R) and the basis φ i in H 3 (N, R).
To express the four-dimensional couplings as above, we have rescaled the fourdimensional metric g → Θ −1 g with the volume Θ of the compact space in order to bring the D = 4 action in the Einstein frame. Observe that the sigma model metric ds 2 above is invariant under the action of R b3 acting with constant shifts on p.
Since the G 2 compactifications preserve four real supercharges, the effective theory has N = 1, D = 4 supersymmetry. In particular the couplings (3.3) should obey the conditions described in the previous section for the couplings of N = 1, D = 4 supergravity. There are two ways to describe this depending on the way we choose coordinates on the moduli space which we shall now describe below.
G 2 Moduli Space: A Kähler Approach
The sigma model metric ds 2 in (3.3) is required by N = 1, D = 4 supersymmetry to be Kähler. In addition the action of the group R b3 on p leaves the sigma model metric ds 2 invariant and also commutes with the supersymmetry transformations of the scalars. This is because, as for the D=4 effective action, the supersymmetry transformations depend only on the spacetime derivatives of the fields p. This implies that R b3 acts with holomorphic isometries on the sigma model target space M which can be identified with the tangent space T M of the moduli
To continue the investigation of the moduli space geometry, it is convenient to choose coordinates on the moduli space M so that the parallel form is
In fact, the basis φ i of harmonic 3-form with respect to the G 2 metric depends on the choice of G 2 structure and so on the coordinates s. We take the origin of the coordinate system to be s i = s i o = 0. However this dependence does not contribute in the couplings (3.3) of four-dimensional theory because, as we have mentioned in the previous section, they do not depend on the choice of harmonic representatives for φ i . Next one can introduce holomorphic coordinates
b3 acts on z i with shifts along the imaginary directions. In these coordinates, the sigma model metric on T M is 6) and the Kähler form is
Comparing the metric (3.6) with that in (3.3), we find that
where K is the Kähler potential.
We turn now to investigate the couplings of the vector multiplets. Using the holomorphicity of h ab required by supersymmetry and the expression given in (3.3),
we find that
The coupling h ab can be though as a holomorphic section of a bundle with fibre
It remains now to find the Kähler potential of the metric on the sigma model manifold T M. We shall show that the Kähler potential ⋆ is
For this, we shall use the relation shown by Hitchin in [9] that
is a top-form constructed taking the determinant of
It is clear from this thatK is homogeneous of degree 7/3 in the s coordinates † .
The metric on the G 2 holonomy manifold is given by G IJ = (detB) − 1 9 B IJ . Using ⋆ A similar expression for the Kähler potential, but with different normalization factor, was given in [2] . † In [9] , the metric on the moduli space M is taken to be the Hessian ofK which differs from the metric that arises in the compactifications we are investigating. The metric associated with the Hessian ofK has Lorentzian signature.
this one can show that
To proceed we remark that the Λ 3 (R 7 ) representation of SO (7) of dimension 35 can be decomposed under the action of G 2 as 1 + 7 + 27. The first is the direction along the G 2 invariant form φ. The representation 7 is associated with the vector arising from the inner product of a 3-forms with * φ. If the three-form is harmonic with respect to the G 2 metric, as it is the case here, then this part vanishes due to a standard argument about harmonic one-forms on irreducible Ricci-flat spaces.
Therefore φ i can be written as
, where π 1 and π 27 are the obvious projections. In addition it is known [5, 9] that
Using (3.13) and (3.14) it is straightforward to verify (3.10). In conclusion, we find
The numerical normalization factors that appear in the expressions for the moduli metric and Kähler potential are important in the investigation of the various brane solitons that arise in these compactifications.
We remark that the components k ij and m ij of the sigma model metric are homogeneous of degree −2 under the scaling of the s coordinates of the moduli space M. This follows in a straightforward manner from the homogeneity properties of the volume of G 2 manifolds that we have explained above. We find that (3.6) is invariant under scaling s i → ℓs i and p i → ℓp i , where ℓ ∈ R − {0}. So this scaling transformation is an isometry. The isometry group of the metric (3.6) on T M is the semi-direct product of R − {0} with R b3 the group of translations along the p i coordinates.
G 2 Moduli Space: A symplectic Approach
An alternative way to describe the geometry of the moduli space is to use symplectic geometry. For this we consider the cotangent bundle T * M of the moduli space M, a typical fibre of which can be identified with H 4 (N, R). There is a symplectic pairing between H 3 (N, R) and H 4 (N, R) given by Poincaré duality. Of
Next we write the metric on T * M as
Given the symplectic form and the metric, one can introduce the (almost) complex structure
where n ij and q ij are the inverse matrices of n ij and q ij , respectively. Requiring that I 2 = −1, we find that
It remains to investigate the integrability of the above complex structure. For this define the (1,0) forms
Observe that e i = in ijê j . Requiring that de i and dê i do not contain a (0,2) part, we find that
which in turn implies that
for some functionK(u). A set of complex coordinates with respect to the above complex structure isz
To make connection with the Kähler approach to the geometry of the moduli space, define the coordinates
Then the sigma model metric becomes
Next observe from (3.24) that du i = −n ij dv j . Taking the exterior derivative of this equation, we find that
which in turn implies that n ij can be expressed as two v-derivatives on a scalar.
Setting v i = s i , r i = p i and n ij = k ij , we establish the relation between the Kähler and symplectic approaches to the geometry of T M. The Kähler geometry on T M will be used in the sections below to construct solutions for the N = 1, D = 4 supergravity that arise from compactifications of M-theory on holonomy G 2 manifolds and are associated with M-branes wrapped on cycles in the compact space.
Potentials
As we have seen, potentials do not arise in the four-dimensional effective theory associated with the (direct) compactification of N = 1, D = 11 supergravity on G 2 holonomy manifolds. However several mechanisms have been proposed for generating a potential. One such mechanism involves compactifications in the presence of a non-vanishing 4-form field strength F 0 4 along the directions of the compact manifold. This is a Scherk-Schwarz type of mechanism which has been recently adapted in the context of G 2 compactifications of string theory in [19, 20, 21] . It turns out though that the presence of non-vanishing F 0 4 in the context of G 2 compactifications of M-theory is not consistent with the compactness of the internal manifold [22] . Nevertheless, adapting the formalism proposed in [19, 20, 21] we find that the superpotential f associated with such
The imaginary part of f is determined by holomorphicity.
Other mechanisms of generating a potential in the low energy effective action in four dimensions involve instanton effects which arise from wrapping M2-branes on associative 3-cycles of the G 2 manifold. Such cycles exists in some G 2 holonomy manifolds and the associated instantons induce a scalar potential. In particular it has been found in [2] that a probe homology 3-sphere instanton M2-brane wrapping the cycle C generates the superpotential
where µ is a constant and k i ∼ C φ i . Such cycles exist in special holonomy G 2 manifolds but they may not exist for generic ones (see next section). In the case that such a superpotential (3.28) appears it easy to see using the results of section three that the only supersymmetric vacuum is at |s| → ∞. The theory may have other vacua but they are not supersymmetric.
Because of the above mentioned difficulties for generating a potential for generic G 2 compactifications of M-theory, we shall mostly focus in the investigation of the solutions of the four-dimensional action with couplings described in section three and without a potential. However from the perspective of the general N = 1, D = 4 supergravity, one can do a more general analysis which we shall present in an appendix.
Cycles and Wrapped Branes
Calibrations and Supersymmetric Cycles
On G 2 holonomy manifolds there are two calibrations that are associated with supersymmetric cycles. One is of degree three (associative) calibration and the other of degree four (coassociative) calibration associated with the parallel threeand four-forms on these manifolds [23] . We shall refer to them as supersymmetric calibrations. There may be other calibrations on G 2 -manifolds but they will not be supersymmetric. To see this, the supersymmetry condition which is deduced from κ-symmetry is [24, 25] 
where Γ is the κ-symmetry projector and η is the N = 1, D = 11 supersymmetry parameter which should be parallel with respect to the Levi-Civita connection of the compact G 2 holonomy manifold. Since from such a parallel spinor η, one can construct the parallel three-and four-forms, only calibrations associated to these forms are supersymmetric.
Even though supersymmetric calibration forms exist on G 2 manifolds, it is not apparent that there always exist (calibrated) supersymmetric representatives of the homology 3-and 4-classes of the G 2 manifold, respectively. It is known that if supersymmetric (associative) 3-cycles exist, they do not have moduli [26] . Thus such 3-cycles are isolated. In fact it has been conjectured that they do not exist for generic G 2 manifolds, though one expects to find them in special cases [27] .
Supersymmetric, coassociative, 4-cycles, X, have moduli in G 2 manifolds with dimension ⋆ b 2 + (X) [26] . So one expects to have locally smooth moduli space for coassociative calibrations.
There are several homology cycles on G 2 manifolds on which one can wrap M-theory branes. We shall be mainly concerned with two-cycles, three-cycles, four-cycles and five-cycles. As we have seen, two-and five-cycles cannot be supersymmetric. This however does not mean that none of them is calibrated, with respect to a non-supersymmetric calibration, or there is no minimal submanifold in the homology class of these cycles. Three-and four-cycles can be supersymmetric, but as it has been mentioned above this does not necessarily imply that every three-and four-cycle has a supersymmetric calibrated submanifold representing its homology class.
Wrapping M-branes on Homology Cycles
The brane solitons in four dimensions that one expects to find by wrapping M-branes on homology cycles of G 2 holonomy manifold N which are represented by a minimal submanifold are as follows:
(i) Wrapping M2-branes on two-cycles leads to non-supersymmetric 0-branes in four dimensions.
(ii) Wrapping M5-brane on two-cycles, three-cycles, four-cycles and five-cycles leads to non-supersymmetric spacetime filling 3-branes, supersymmetric 2-branes, supersymmetric 1-branes and non-supersymmetric 0-branes, respectively.
All brane configurations above that arise from wrapping M-branes to fourdimensions should be described by solutions of the effective N = 1, D = 4 effective ⋆ We use conventions similar to [27] . 
Strings
Coassociative Cycles and M5-branes
As we have mentioned the string solutions of N = 1, D = 4 supergravity can be thought off as M5-branes wrapped on coassociative cycles of the G 2 manifold. It is known that the supersymmetry conditions [28, 29] supergravity associated with the wrapping of M5-branes on these coassociative cycles with topology T 4 and K 3 . The tension of corresponding strings will be equal to the tension of the M5-brane times the volume of the coassociative cycles.
G 2 Strings
To investigate the string solutions to the supergravity field equations it is convenient to use the Kähler parameterisation of the moduli space of G 2 structures.
The G 2 strings are a special case of the cosmic strings for which the sigma model manifold is the space T M. The solution is
where w is a complex coordinate of spacetime, and the Kähler potential K and the complex coordinates z i are given in section three. The G 2 strings above do not have finite tension because T M is not compact. However it is known that the fibre directions of T M can be compactified to a torus by dividing with H 1 (T b3 , Z) which is thought of as a group of large gauge transformations. This leaves the base M of T M which is an open set in H 3 (N, R). It is expected that certain points of M should be identified by large diffeomorphisms of the compact G 2 holonomy manifold N. However to our knowledge it is not known how such large diffeomorphisms act on M and whether they are sufficient to allow for string solutions with finite tension adapting a similar construction in [11] . The identification of the G 2 strings with wrapped M5-branes on coassociative cycles provides some indirect evidence that G 2 strings with finite tension exist in the case when coassociative cycles are present.
We note that there are supersymmetric string solutions even in the presence of a Fayet-Iliopoulos term [30] .
G 2 Domain Walls
The supersymmetry projections of domain walls that arise from a M2-brane in the directions 089 in the background of the G 2 manifold in the directions 1234567, are those of (5.1) and It is straightforward to write the supergravity solution of a brane that is located in a Ricci-flat manifold. For the case of interest here, the transverse space of the M2-brane is R × N, where N is the holonomy G 2 compact space. The solution is
where h is harmonic in R × N. Additional fluxes F 0 can be added in the solution along R × N. However in this case h is not harmonic but rather obeys the equation ∆h = |F 0 | 2 . For F 0 = 0, h can be chosen to be harmonic in R, ie h is piece-wise linear function of the coordinate y ∈ R, see [31, 32] . This solution has electric fluxes and it cannot be described from the four-dimensional perspective using the is the M2-brane tension and C is the two-cycle.
Since two cycles in holonomy G 2 manifolds are not supersymmetric, it is not expected to find relation between the mass and the charges of the black holes.
This is despite the fact that the mass and the charge per-unit volume of the associated M2-brane are equal. Although it is not apparent that there are nonsupersymmetric degree two calibrations on holonomy G 2 manifolds, suppose that there is one associated with the two-form λ. Then λ = ξ a ω a , for some constants ξ a , and M = T 2 V ol(Σ) = T 2 C φ = T 2 ξ a Q a which can be interpreted as an extremality relation for the black hole. As we shall see there are extreme solutions N = 1, D = 4 supergravity associated with G 2 compactifications which however exhibit a naked singularity.
Electric G 2 Black Holes
Ansatz and Field Equations
In order to find black hole solutions of N = 1, D = 4 supergravity associated with G 2 compactifications of M-theory, we consider the ansatz
We recall from section 3 that γ ij dz i dz j = k ij (ds i ds j + dp i dp j ) with
where Φ = − Substituting the ansatz (7.1) into the Maxwell equations we find
where H a are constants. To obtain the scalar equations we vary s ℓ and p ℓ . Recalling that Imh ab = − 
respectively.
It is convenient to define
Then the Maxwell equations may be rewritten as
On substituting the black hole ansatz into the scalar equations, and eliminating ∂ r C a using (7.5), one obtains
Lastly we consider the Einstein equations. We adopt the notationḂ = 
Eliminating C a from the above equations using (7.5) and utilizing the definitions (7.4), we find that the independent Einstein equations can be expressed as
A useful identity implied by the scalar equations (or the Einstein equations) is
Using the Einstein equation (7.8), we determine ψ as
for constants α, β. Then (7.10) may be simplified to
In addition, from the p ℓ scalar equation, p ℓ must satisfy
for some real constants θ j , and here k ℓj is the inverse of the Hessian of Φ.
A solution to the above system of equations is the Schwarzschild black hole. In this case the Maxwell gauge potential vanishes and the scalars are constant. This black hole cannot be thought of as a M2-brane wrapped on a homology 2-cycle of the compact G 2 holonomy manifold because it does not carry electric charges.
Generically, to find electrically charged black holes, one has to take some of the scalars to be non constant ⋆ . So we take ∂ r s i = 0. On eliminating p i from the scalar equation for s ℓ and making use of the fact that k ij is the Hessian of Φ, one obtains
To solve the field equations, we shall make use of the homogeneity properties of
In particular, contracting (7.15) with s ℓ and setting θ i = 0, one finds the
From this it follows that in order to have charged solutions, we shall require ∂ r (ψr 2 ∂ r Φ) = 0. Substituting (7.16) into (7.13) with ψ = 1 − µ 2 r 2 for µ = 0, one obtains
for constants κ and δ. In the special case when ψ = 1 one obtains
The only remaining independent equations are the Einstein equation (7.9) together with (7.15) . We have been unable to find general solutions to the field equations, and our general analysis ends here.
⋆ In special cases this depends on the properties of the intersection numbers C iab but we shall not pursue this further here.
Dilatonic G 2 Electric Black Holes
To find an explicit solution to the equation (7.9) and (7.15), we shall now consider the special case where
for some constants c i . Then the homogeneity of ∂ i Φ implies that
where λ i , λ ij and λ ijℓ are constants related by
It is also convenient to define H ab = − 1 2 c ℓ C ℓab so that Reh ab = sH ab . Then the s ℓ scalar equation (7.15) implies that
for some constant λ, and
Note that on contracting (7.22) with c ℓ and using the homogeneity properties of Θ, one obtains
Then using the above identities, it follows that for ∂ r s = 0 the scalar equations are implied by the Einstein equations. It therefore suffices to solve
To find solutions to these equations which are asymptotically Minkowski, we shall set ψ = 1 − 
Then H must satisfy
We discard the solution H = const because it is inconsistent with (7.25) for λ = 0.
To simplify this equation even further, define X = H and define implicitly
where f ′ = df dX . Substituting these expressions into (7.27) , one obtains
On setting f (X) = (L(X) − X 2 ) −1 , this simplifies to give
There are two possible solutions to this equation,
for some constant τ . However, L(X) = 4µ 2 leads to s constant and so the Schwarzschild black hole. We therefore take
Hence H must satisfy
For µ = 0 there are three cases to consider, according as to whether τ 2 = 8µ 2 , τ 2 > 8µ 2 or τ 2 < 8µ 2 . We shall focus on the cases τ = µ = 0 and τ 2 < 8µ 2 .
For µ = τ = 0, we find that
for constant κ > 0. This solution is asymptotically Minkowski, and the charges, mass and asymptotic values of the scalar are
The spacetime geometry of the solution (7.36) is that of two M-brane configuration reduces to four dimensions on a 7-torus, for example two orthogonally intersecting M2-branes on a 0-brane [12] . The above solution exhibits a naked singularity at r = 0. For τ 2 < 8µ 2 , we find that
which in turn implies that the solution is
for constant κ > 0, and we have set ρ = 1 + κ −2 in (7.38) .
This solution is again asymptotically Minkowski as r → ∞, and the electric charges Q a , the mass M and asymptotic value s ∞ of the moduli scalar are
respectively. To examine this spacetime geometry it is particularly useful to consider the metric in the neighbourhood of r = µ. We define W = r − µ. Then as
where ρ is determined by
The leading order behaviour of the metric in the neighbourhood of W = 0 is given by
) .
(7.44)
From this metric it is straightforward to show that if there exist geodesics along which in-falling particles may pass through r = µ in a finite proper time then it is necessary to impose the constraint 1 4µ (τ + 8µ 2 − τ ) > 0. This condition is sufficient to ensure the positivity of the mass given in (7.41) . Furthermore, the Ricci scalar associated with (7.44) is given by
45) where δ = 1 4µ (τ + 8µ 2 − τ ). In order for this to remain bounded as W → 0, one must impose the condition δ = 1, i.e. τ = 2µ. Hence, in order for there to be a horizon at r = µ one requires τ = 2µ. For this special case, it is most convenient to change co-ordinates by setting
so that the metric can be written as
This four-dimensional spacetime geometry has been considered before in [13] where it was obtained via compactification of two intersecting non-extreme M2-branes on a 7-torus, where the two M2-branes have the same electric charge. The solution (7.47) has finite horizon area.
Magnetic G 2 Black Holes
To find magnetic black hole solutions which are associated with M5-branes wrapped on 5-cycles of the compact space, we take the ansatz for the metric and moduli scalars as in the electric case (7.1) but for the Maxwell field we write
where µ a are constants and φ, θ are the standard angular coordinates on a two sphere. We shall see that the electric and the magnetic solutions are related as expected because of electro-magnetic duality in four-dimensions. So we shall not elaborate in the description of this case.
First it is straightforward to see that the gauge field equations are satisfied provided that p i = const. Taking this to be the case, the scalar equations of p ℓ are automatically satisfied. Given this, the s ℓ scalar equations are given by 
The first two of these equations are identical to the electric black hole case. In particular, the first equation implies ψ = β + α r 2 for real constants α, β.
Next write s i = s(r)c i for some constants c i . Using (7.20) and (7.21) and the definition of H ab as in the electric case, the s ℓ scalar equation implies that
for some constant λ. So it follows that H ab µ a µ b = −(1/4)λ. Then just as for the electric case, by making use of the identity
obtained from the Einstein equations, one may see that the scalar equations are implied by the Einstein equations. Hence, it suffices to solve the remaining Einstein
Clearly, these equations are equivalent to (7.25 ) under the transformation s → s −1 .
Hence it follows that the spacetime geometry of these magnetic black holes is identical to the electric black hole case, and s magnetic = s −1 electric . For example the M-theory interpretation of the analogue of the solution (7.36) is that of two M5-branes orthogonally intersecting on a 3-brane [12] . 
APPENDIX A: Spinor Notation
It is most convenient to present the supersymmetry transformations in terms of a 4-component Majorana spinor ǫ with real components. We take σ M = (σ M αβ ) to be the Pauli matrices;
We set η M N = diag(−1, 1, 1, 1), ǫ 12 = ǫ 21 = 1, and to perform the supersymmetry calculations we define explicitly
so that
With these definitions, the gamma matrices satisfy the Clifford algebra
APPENDIX B: String Solitons and Supersymmetry
In order to examine string and domain wall solutions, we shall consider the following ansatz;
where ds 2 (2) is a metric on the manifold spanned by w,w where w = x + iy and w = x − iy for x, y ∈ R. Without loss of generality, we shall take
to be diagonal, using the fact that any metric on a Riemann surface is locally conformally flat.
Substituting this ansatz into the Killing spinor equations, we find that
together with
There are two cases to consider. Firstly, if the the scalar potential vanishes, then the first Killing spinor equation above with f = 0 implies that A is constant, and we set A = 1. The remaining Killing spinor equations can be solved by taking
i.e. the z i are holomorphic. The solution preserves 1 2 of the supersymmetry; ǫ is a constant spinor satisfying
More generally, one may construct solutions for which f = 0. In particular, we may begin by examining (B.5) . If we work in a real basis, so that
with ǫ 1 , ǫ 2 real; then (B.5) implies Suppose now we consider i for which γ ij Djf = 0. Define
Then one requires for these i; Another possibility is to take |τ i | = 1 and
We shall however concentrate on the remaining possibility, in which we take |τ i | = |ψ i | = 1 (but we do not not necessarily require τ i = ψ i ). Writing then
and |ψ i | = 1 is satisfied by taking
Analogous reasoning may be used to consider (B.3) . In particular, (B.3) may be written as .
It is also necessary to examine (B.4) . This constraint may be rewritten as
In this case τ i = Λ and ψ i = Ω imply (for f = 0)
and we solve the supersymmetry constraints by taking Λ = e iφ , Ω = e iθ , for θ,
This is solved by takingλ
for constant ξ, ζ ∈ R and B, φ and θ are determined by
We note that these solutions generically preserve 1 2 of the supersymmetry.
It is straightforward to check that these conditions ensure that the scalar and Einstein field equations hold.
APPENDIX C: G 2 Domain Walls
C.1. Ansatz and Killing Spinor Equations
To find domain wall solutions of N = 1, D = 4 supergravity, we shall use the
where B and z i will be determined by the field equations. Properties of domain walls in supergravity have been reviewed in [34] . We shall also assume that they are associated with some superpotential f which we shall not specify. Substituting this ansatz to the Killing spinor equations of section three, one finds supergravity associated with a superpotential f which preserve 1/2 of supersymmetry. Now we shall consider the special case of domain walls in the context of G 2 compactifications. In the beginning of the analysis, we shall keep the superpotential f arbitrary but to give some explicit solutions of domain walls, we shall later consider some special cases. We recall that the Kähler potential is given by K = − 3 7 logΘ, where Θ is the volume of the compact G 2 -manifold, and Θ is homogeneous of degree for some constants c i , and p i = 0, ie the only modulus field is the volume of the compact manifold. Then (C.6) implies that φ = φ 0 , where φ 0 ∈ R is constant.
Defining f = e iφ0 F , we may write (C.4) and (C.5) as In addition, because Θ is homogeneous of degree as that used in [35] . This supergravity theory has Lagrangian (in 3+1 dimensions)
where ϕ is the dilaton, a is the constant dilaton coupling, F is the Maxwell field strength, and the Chern-Simons term has been neglected as we are considering only purely electrically (or magnetically) charged solutions. We recall that the portion of the N = 1, D = 4 supergravity action containing the curvature and scalar terms
Suppose we consider the special case where the only modulus field is the volume of the compactified G 2 manifold, so that s i = sc i for constants 
